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22 : Abstract 

O 



We describe new solutions for open string moving in AdS^ and ending in the boundary, namely 



J>~>' dual to Wilson loops in AA = 4 SYM theory. First we introduce an ansatz for Euclidean curves whose 

shape contains an arbitrary function. They are BPS and the dual surfaces can be found exactly. 

OO I After an inversion they become closed Wilson loops whose expectation value is W = exp(— vA). 

After that we consider several Wilson loops for AA = 4 SYM in a pp-wave metric and find the dual 

o ■ surfaces in an AdS^ pp-wave background. Using the fact that the pp-wave is conformally flat, we 

,^ , apply a conformal transformation to obtain novel surfaces describing strings moving in AdS space 



in Poincare coordinates and dual to Wilson loops for M = 4 SYM in flat space. 
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I. INTRODUCTION 

The understanding of the AdS/CFT correspondence between TV = 4 SYM theory and the 
dual type IIB string theory on AdS^ x S^ has seen steady progress in recent years. Recently, 
the study of the correspondence between open string solutions and the dual Wilson loops 
received renewed attention. Following earlier discussions [l|, |2[] on the cusp anomaly, in 3| 
the authors proposed that the planar four gluon scattering amplitude is described, at strong 
coupling, by an open string solution ending on a sequence of four light-like lines at the 
boundary of AdS^ space in T-dual coordinates. This strong coupling string calculation is 



Q 



in agreement with the gauge theory conjecture of [J]. A series ofpapers studied various 
aspects of this proposal p, |6|, |7|, |8|^. The proposal put forward in 3|] was further analyzed 
in 10| . There, a prescription of how to compute amplitudes for processes that involve local 
operators and gluon final states was also proposed. While the string ends on light-like lines 
at the horizon in ordinary AdS^ space, the operator insertion leads to string solutions going 
to the boundary of ordinary AdS^ space, and which, at the same time are stretched in the 
direction in which the momentum of the operator is non-trivial. 

Motivated by these recent developments in understanding various gauge theory scattering 
processes at strong coupling through a string description, we find in this paper several new 
open string solutions in AdS^ that end at the boundary on various Wilson lines. 

First we find a class of solutions ending on space-like Wilson loops. These solutions 
extend to the horizon and end at the boundary of AdS^ on a large class of open lines. The 
(regularized) classical area of the corresponding world-sheet is zero since these solutions are 
BPS. Performing an inversion transformation we obtain a class of solutions that end on a 
closed space-like Wilson loop at the boundary. In this case their expectation values turn out 
to be {W) = e^^'^. This result is in agreement with the conjecture in [12] that considers 
two Euclidean Wilson Wi^2 loops which are related by an inversion, with one of them Wi 
extending to infinity and the other W2 given by a closed contour. In that case the conjecture 
is that {W2) = e~^^{Wi) at the leading order in strong coupling A. The usual example is 
the straight-line (VFi) = 1 and the circle (W2) = e~^. It would we interesting to obtain the 
relationship between the Wilson loops Wi^2 also at subleading orders in strong coupling. 



^ See also IqI and the references therein. 



In the second part of this paper we exploit the relation between the AdS^ pp-wave and 
pure AdS^ to find new open string solutions in the latter space. We extend the solution 
obtained in 16| in this context to other, more complex solutions. We find solutions ending on 
two straight light-like lines in the x+ direction on the boundary in the pp-wave AdS^ space, 
which when translated in the pure AdS^ look like hyperbolas in a (t, x) plane. Another new 
solution that we find is one that ends on a time-like straight line in the time direction. In 
pure AdS^ coordinates it looks like a tangent shaped line in a {x± = A={x ±t)) plane. The 
function z = z{x) for fixed t is a line with one end on the boundary, and the other at the 
horizon. We suggest that this type of solution can describe the scattering between a quark 
at the boundary moving at a speed less than the speed of light and a gluon coming out from 
infinity. However, it corresponds to forward scattering. It should be desirable to look for 
other solutions in which the incoming gluon changes direction. We find also solutions that 
end on two parallel lines in the time direction in the pp-wave, which are mapped into two 
tangent type Wilson lines on the boundary in pure AdS^ space. 

The organization of this paper is as follows: In the next section we described the new 
Wilson loops solutions found using an ansatz in light-cone coordinates. In section IIIII we 
describe the solutions found by conformally mapping the pp-wave onto fiat space. Finally 
we give our conclusions in the last section. 

II. STRING SOLUTIONS ENDING ON OPEN/CLOSED SPACE-LIKE WILSON 
LOOPS. 

The Nambu-Goto action for a string moving in AdS^ in Poincare coordinates is given by 
S = I— f dadrC = i— f dadr^Jid^XyidrXy - (d^XAXy (2.1) 

27C J 271 J z^ 

The space-time metric is set as (here x± = 4=(x ± t)) 

ds"^ = — {2dx+dx_ + dxl + dxl + dz^) (2.2) 

We consider the following ansatz 

x+ = u{a^ r), x_ = 0, Xi = r, X2 = a, z = a (2.3) 

where a is constant which we can set to zero (but we leave it here for later use). We also 
have that 2; = a > 0, while r varies over the real line. The surface ends at the boundary 



z = a = in the (space-like) line 

x+ = u{a = 0, r), x_ = 0, Xi = r, X2 = a. (2.4) 

Our objective is to find u{a, r) given an arbitrary function u{a = 0, r). 

Solving the equation of motion for X-, we obtain, 

2 
u"{a, t) u'{a, r) + u{a, r) = (2.5) 

(7 

We also find that the equations for all the other coordinates are satisfied as long as eq. (12. 5p 
is true. A simple check is that m = is a solution corresponding to a straight line along X2- 
The main point of this ansatz is that the resulting equation (12.51) is linear and therefore can 
be solved using a variety of standard methods for any initial condition u{a = 0, r). Indeed, 
taking the Fourier transform (where we use the fact that u{a, r) is real): 

u{a, t)= du [e'^^u{a, u) + e~^""M*(a, u)] (2.6) 

in (12.51) leads to 

2 

u"{a, uj) u'{a, uj) — uj'^u{a, uj) = (2.7) 

a 

The general solution of this equation is 

u{a, uj) = Cie'^"(cja - 1) + C2e~'^''{ua + 1) (2.8) 

Since tu > we keep the second solution which does not diverge as a — > oo. After that, the 
most general solution of (12.51) is 

/■oo 

u{a, r) = / dcue-^"(a;(T + 1) [u{0, uj)e'''^ + m*(0, cu)e-'^"] (2.9) 

which is the main result of this section, allowing to compute u{a, r) given ^(0, r). A simpler 
expression can be obtained if we define the positive frequency part of u{a, r) as 



oo 



n((T,r) = x+(fT,r)+x;(a,r), x+(^,t)= / duje'-^u^a^Lo) (2.10) 

Now we should find x+{(^^'t) given x+(0,r). Using the previous calculations we find 

X+{(y,T) = / due''^^-'^''{uja + l)u{0,uj) (2.11) 

Jo 

POO 

= (l-d^) / rfu;e^'^"-«""n(0, 
Jo 



(2.12) 
X+(r + 2a)-iaxV(r + za) (2.13) 



where x'+i^) = ^rX+l^)- ^^ feet it is straight- forward to check that the function 

X+ (c^, T") = X+ (t" + ^o") - i(^X+ (t + ^cr) (2. 14) 

satisfies eg. (12.51) . As an example consider a bell-shaped Wilson loop 

x+ = -^ ^, X2 = T, X- =0 (2.15) 

r^ + a^ 

Doing the Fourier transform we obtain (assuming a > 0): 

1 1 f^ „,.,.-,„. ,„ . 1 1 

'o 

which implies 



.^ + o^ 2a /„ =-""*•'■'''- + -■. ^ A^-(«-) = ^^317 (2-l«) 



1 a + 2cr — ZT 

X+ f^, ^ = X+^ + *^ - *^X+^ + *^ = TTT ■ — , — ^2 2.17 

2a [a — tr + a)"^ 

From here, using eq. fl2.10p . we find the solution 

' a |(a + ff)2 + T^l' ^ ' 

This is just an example to check the validity of the method. Given any shape we can write 
the solution in term of Fourier integrals using eg. (12.91) or (I2.14p . 

Going back to the general solution (12.31) . the action S is imaginary and proportional to 
the area of the worldsheet A: 

S = lA— (2.19) 

2lT 

The action is 

-.S=^f^MrC = ^['-^ = ^l (2.20) 

27T J 271 J a^ 2n e ^ ^ 

where we chose the r interval — |- < t < -^ and T is large. Also, we introduced a cutoff, e, 
in z to account for the divergency near the boundary. The solution (12. 3p at the boundary 
z = is an open line as r spans the real line. While the action is divergent, one should recall 

n 

|13l | that in fact the physical result is obtained by adding a boundary term which precisely 
cancels the linear divergency -, so the physical action is actually zero. This suggests that 
this solution is BPS as we now check. Note also that the result is independent of the function 

u(T,a). 



A. Supersymmetry of the Wilson loop 

The Wilson loop we considered in the previous subsection is BPS as we now proceed to 



prove. The arguments are well known, here we follow 21|. Given the Wilson loop 



W = —TiPexp dT{iA^'{x)Xf, + ^i{x)\x\) (2.21) 



where Xf^(T) parameterizes the path and x = drX. Also, $i is a scalar field of the A/" = 4 
SYM theory. Supersymmetry is preserved if we can find spinor solutions e to satisfy 

(iT''x^ + Ti\x\]e = (2.22) 

where r^"^'^'^, r*^^"^ are ten-dimensional gamma matrices. In the case of the path analyzed 
in the previous subsection, this boils down to 

iT+x++iT^ + f^)e = (2.23) 



Since we are taking x^{t) as an arbitrary function we require (in special cases such as x_|_ = 
or a;+ = T the Wilson loop is | BPS): 

r+e = 0, (iT^ + f i) e = (2.24) 



Using for example the representation of gamma matrices in terms of creation an annihilation 



operators (see 22]) it is easily seen that only four independent solutions exist, namely the 
Wilson loop preserve one quarter of the sixteen supercharges. In other words these Wilson 
loops are | BPS. Their expectation value should he W = 1 independent of the coupling. 



Notice that in 2l| it was stated that Wilson loops involving just one of the scalar fields (here 
$i) can be BPS only if they are straight lines. However the analysis was done in Euclidean 
space, in the Minkowski case this is no longer true as we have just shown. 

B. Inversion and closed Wilson loop 

To construct a closed loop at the boundary of AdS^ we consider the inversion transforma- 
tion Xfj_ = -A^ which leaves the metric ( 12. 2p invariant. After this transformation the solution 
(12. 3p becomes 

*^ = . t"l . (2-25) 



X- 



, xi 



r 



X2 



t'^ + a'^ + a? 



a 



Starting with the Nambu-Goto action in the new coordinates with metric 

ds^ = — (2dx+dx- + dx\ + dx^ + dz^^ 



(2.26) 



(2.27) 



one can easily see that indeed ( 12.26P is a solution with u satisfying again ( 12. Sp . Before 
doing the inversion transformation, the radial coordinate z goes all the way to the horizon 
< 2 < oo. After the inversion z has a maximum attained at r = 0, and cr = a, so 



< 5 < 



2a' 



Thus after the inversion the surfaces closes up in the bulk (here we assume 



a 7^ 0). More precisely, the solution (12.261) projected over the subspace x+ = x^ 
a sphere 



1 1 



defines 



(2.28) 



which is the same as the circular solution in Euclidean space considered in ll|, [l^, 120]. Over 
that sphere x+ varies according to the function a;+ = u{(j, t). 
At the boundary, 5 = 0, i.e. a = 0, we obtain 



X-^ 



r^ + a? 



0, xi 



T^ + a^ 



X2 



T^ + a?'- 



(2.29) 



Projected onto the subspace x_, x^ 



this curve is a circle with radius, ^, 



z.'i 



Therefore, we can parametrize the solution at the boundary as follows 



X_i 



;1 + cos^)m(^) 



Xi 



— sin6', 
2a 



X2 = 7— + 7— cos 9, 
2a 2a 



(2.30) 



(2.31) 



2a2 
0, r), r = t(9) = a tan |, and < ^ < 2%. As a result of the inversion 



where u{9) = u{a 

transformation the Wilson lines closes up. At least as long as we take x^ = u{0, r) as a 

bounded function. 

Let us compute the action for the solution (12.261) 

dadr 



— iS = / dadrC = 

27r / 2tt 



a^ 



(2.32) 



As in the original coordinates, in the inverted coordinates we again introduce a cutoff near 
the boundary of AdS^. This cutoff is now in z. This leads to the condition 

a 



T^ + a'' + a2 



> e 



(2.33) 



This equation is equivalent to 

/ 1 \2 1 

a^ (2.34) 











r^ + 


a — 
V 


1\ 
Ye) 


2 
< 


1 

4e2 


we 


can 


parametrize 


such 


region 


with 

r = 
a = 


psin 
pcoi 



>0 + 


1 
Ye 



(2.35) 
(2.36) 

where Q<p<R=Jj^ — a?, and < < 27r. 

Therefore the action (12.321) can be computed using this parametrization as 

-^S = ^ f^P^P^^ (2.37) 

= ^-^+0(^') (2-38) 

As in the case of the open Wilson line, the linear divergent part is proportional to the length 
of the string in the {y, w) plane at the boundary. When the lengths in the two cases are equal, 
i.e. T = -, it makes sense to subtract from (I2.38P the open line result so that the linear 
divergent term cancels. In contrast to the action (or worldsheet area) of the open loop in 
(I2.20p . the action for the closed loop in (12.381) has a non-trivial finite part. This relation ship 



is the same as the one from open/closed Wilson loops analyzed in Euclidean space in 12|. 
One can also compute string 1-loop corrections to these solutions following the procedure 
developed in jl4| . Let us again observe that the result in (12.381) is independent of the function 
^(r, a). This Wilson loop is not BPS but should be invariant under a superconformal charge. 
Presumably the expectation value of this class of Wilson loops can be computed exactly by 



using the methods of 23|] (generalized to Minkowski signature). Summing rainbow diagrams 
also leads to the same result as in the case of the circular Wilson loop. Finally, let us also 
mention that it would be interesting to see whether there exists any relationship between 



the class of solutions considered here and the ones discussed in 



m- 



C. General procedure 

In this subsection we show that the same procedure can in principle be applied to other 
solutions with Euclidean world-sheet metric. Indeed, suppose we have a metric of the form 

ds^ = 2g^_{xi, x±)dx^dx_ + gij{xi)dx^dx^ (2.39) 

8 



and a (conformal gauge) solution Xi = Xi{a,T) with x± = 0. Now let us look for a new 
solution with the ansatz x+ = u{a,T), x^ = 0, and Xi = Xi{a,T). The constraints (recalling 
that we are looking at Euclidean solutions) 

g^^ {xf'x'' - x'^'x'") = 0, gf.ui^x'" = (2.40) 

are automatically satisfied (if they were satisfied for the original solution). The equations 
of motion 

dr {g,uxn + d^ {g.^x'n = d.g^p [x'^x'' + x'^'x'^) (2.41) 

are satisfied when // = i, and, since d±gij = 0, also for /i = +. The equation with ^ = — 
gives 

dr [g^+x^) + d„ {g-+x'+) = (2.42) 

After replacing for the solution Xi = Xi{a,T), this equation of motion is linear in a;+ if 
9+5f+_ = as was the case in our previous discussion. If not, the equation is in general 
non-linear. In both cases this method can provide new solutions given old Euclidean ones. 
Here we looked at the straight string and the circular Wilson loop. It might be interesting 
to analyze other cases as well. 

III. OPEN STRING SOLUTIONS OBTAINED THROUGH THE MAP TO pp- 
WAVE BACKGROUND 

One can find new open string solutions in AdS^ by exploiting the map between pure 
AdS^ and the AdS^ pp-wave backgrounds. These solutions correspond to Wilson loops in 
Minkowski space in the dual gauge theory. The relationship between the AdS^ metric (here 



x± = ^, i = 1,2, and we use the notation x^ 






ds = -^{2dx+dx- + dxidxi + dzdz) (3.43) 

z^ 



and pp-wave AdS^ metric 



ds^ = —{2dx+dx- - -{xl + z^)F{x+)dx\_ + dx] + dz^) (3.44) 

is given by [l5| 

x+ = f(x+), a;_ = x_ - -(x- +2;^) — , Xi = Xi^j', z = z^ f (3.45) 



where F is given by the Schwarzian derivative 

Fi^+) = {f,^^} = y-^[j) (3.46) 

Mapping back simple solutions in the pp-wave AdS^ background usually produce new and 
potentially useful solutions in pure AdS^. 

Although in principle one can consider various functions F{x+) to obtain new Wilson 
loops, in this paper we just consider the simplest non-trivial case corresponding to F{x+) = a 
where a is a constant. In that case, the solution to (13.461) has the form (up to shifts^ in a;+) 

f{x+)=A^'^tan^x+ (3.47) 

where A is a constant. Notice that in the limit a —>■ 0, AdS^ is mapped onto itself through 

/(x+) = — (3.48) 

x+ 

The transformation of coordinates in this case is given by 

A ^ Ix^ + z"^ ^ ^f^A . ^f^A ,^ ^^, 

x+ = — , a;_ = x_ H , Xi = Xi , z = z (3.49) 

X_|_ ^ X_|_ X_|_ X_|_ 

where one needs to choose ^4 < 0. 

In what follows we will be concerned with the situation when F(a;+) is constant but non- 
zero. As in [16i] let us choose /(x+) of the form /(x+) = -tan/ix+. Therefore, the AdS^ 
pp-wave metric and the transformation are 

1 

and 



ds^ = —{2dx+dx_ — fi^{xf + z'^)dx'^ + dx'^ + dz^) (3.50) 



x+ = — tanyux+, X- = X- //(Xj + 2; ) tan/ix_|_, Xi = , z= (3.51) 

jj, 2 cos/ix+ cos/ix+ 

The parameter u can be scaled away by a rescaling x+ — >■ — , a;_ — > /ix_, so it can be set 

to 1. However, below we will keep /i explicitly in order to be able to make the connection 

to pure AdS^ which corresponds to the limit yU ^ 0. Using the map (13.511) we find below 

new open string solutions. Let us finish this section by pointing out that the map (I3.5ip is 

singular at /ia;+ = {2k + l)f , k G Z. This means that this map takes part of the pp-wave 

AdS^ space into the full AdS^ space. 



Note that a shift in Xj^ is an isometry if F(x^) is constant. 

10 



A. Straight lines along the x+ direction 

1. 1-line 

We start by reviewing the solution in the AdS^ pp-waye that ends on a single light-like 
solution, and was found in [16 1 

x+ = r, a;_ = 0, Xi = 0, z = a (3.52) 

On the boundary a = 0, this solution may be interpreted as the world-line of a massless 
quark at x_ =0. Let us point out that this is also a solution in pure AdS^ whose worldsheet 
is just a half-plane ending on the x+ line at the boundary. One may wonder whether there 
exists a direct extension of this solution to a time-like line with Xi ^ but constant, as for 



example xi = b. It turns out that there are no such so 
the AdS^ pp-wave background have been computed in 
divergent parts are related by 



utions, i.e. 6 = 0. The charges in 



16| . where it was found that their 



P+^Ain|P_| (3.53) 

Let us use the transformation (I3.5ip and write the solution (I3.52p in pure AdS^ 

_1 /^2 -"^ 

x+ = — tauyur, x_ = a tan /ir, z = , Xi = (3.54) 

/i 2 cos fir 

The worldsheet surface is given by 



'I + 1x^x1) (3.55) 



/U^X 



On the boundary this solution again ends on a light-like line but now in contrast with (I3.52p 
the string worldsheet is more complicated. For convenience let us parametrize the surface 

as 



5(5:,t) = ^/- — ^^(1 + ^(5: + t)2) (3.56) 



2 X — t yU^ 

The plot of 5 as a function of x for fixed t < is shown in Figured], while for t > in Figure 
[2J For t < the rounded spike is to the left of the vertical straight line and it moves to the 
left as t increases. At t = the curve is a straight vertical line. As t becomes positive the 
spike moves further to the left being now to the right of the vertical line. The position of 
the maximum of the semi-circular part of the solution depends on t and it is at zero in the 
\t\ -^ oo limit. 

11 
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FIG. 1: Plot of ~z versus x for /x = 1, and i = -200, -100, -50, -10. 
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FIG. 2: Plot of z versus x for /i = 1, and i = 200, 100, 50, 10. 



As already pointed out, the position of the rounded spike is close to —i for t < but 
a bit to the left of the vertical straight line (see figure [1]). This shift depends on t and in 
the large i limit we obtain Xs = —i — Si, with Si = —. For i > the position of the spike 
is a little bit to the right of the vertical line (figure [2]). In the limit t —>■ cxd, we now have 
Xs = —t + Si. This means that there is a time delay in this process when moving from — oo 
to oo in t. In the limit \t\ —>■ oo the height of the spike goes to the horizon as Zg ~ 2i\/ — . 
The plots in figure [T|2l suggest that we can think of this solution as corresponding to a 
scattering process in the 1 + 1 dimensional world-sheet with t, x being the 2d time and space 
coordinates. Because of the symmetry of the solution under (x,t) -^ {—x,—t) this is an 
elastic process, which is characteristic to integrable models in 1 + 1 dimensions. 

Regarding the space-time/gauge theory interpretation of this solution, it was suggested 
in [l6|] that one can identify the end of the string attached to the boundary as a quark. In 
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addition there is the spike coming out from the horizon, which may be identified with a 
gluon. Then what this solution appears to describe is a quark-gluon scattering process, but 
it is not clear how to make this suggestion more precise. It would be easier if one could find 
solutions describing scattering in which the gluon changes direction^. 

For completeness it is interesting to compute the energy and momentum of the solution. 
Since one is forcing the quark to move along a particular trajectory, they are not conserved. 
In fact, the result determines the force necessary to push the quark. For t > the energy is 
E 



V\i 



VAC 
27r^ 



£{i) 



+ 



* , dL 

ax — - 

-i dt 



t-eo 



dx- 



l+f 



/i 



eo-2t 



2t 



t+eo 



2 log 



~z^\ll 



2t - eo 



~2 _/2 

Z + Z 



eo 



lit 



+ 



4^2 



1 + 



3 + 



+ 



2 + ii^el ■ 2 + /i2(eo-2t)2 



2 f2 

^ 1 ^0 

= — log ^- 

1 + 2/i2t2 ^ 4t2 



(3.57) 



2^260 4v^ L 

where dot represents derivative in respect to t, and prime is derivative in respect to x. We 
have introduced a small cutoff eo, and expanded in the last line in small eo. The cutoff eo 
can be related to the physical cutoff e in z by e 
similar expression 



2t H — \ry/€o- For t < one obtains a 



£{t) 



+ 



f^ 



2^260 4^2 



2 e2 

3 + ^^-log^ 

1 + 2/^2^2 ^4t2j 



0(eo) 



(3.58) 



Let us compute the momentum for i > 0, P = ^ 



V 



Vii) 



* , dL 

dx — - 
-i dx 



t~eo 



dx- 



zz' 



t+eo 



52 VI 



~2 _/2 

Z + Z 



fit 



+ 



f^ 



2V2eo 4^2 



^2 -, 



i + TTW-'°^5^'''^°' 



(3.59) 



For t < we obtain 
V{i) 



fit 



+ 



/^ 



2 e2 - 

-1 + ^-^-log^ 

1 + 2^2^2 S 4^2 



+ 0(eo) 



(3.60) 



2v/2eo 4^/2 

At t = ±00 the energy of the string is the same, while at intermediate times the energy 
increases. The same happens with the momentum of the string. Thus when the gluon and 
quark get closer together the energy of the system increases. While both the energy and 



In that respect, see [25| for some examples of how to construct solutions involving spikes. 
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momentum of string depend on time t, their difference does not (here we ignore the hnear 
divergent terms) 

E = P--y^f^ (3.61) 

4V27r 

As we aheady pointed out, there is a time delay when the rounded spike moves from 

t— i>— ootot— i>oo given by At = 26i = ^^. In 1 + 1 dimensional theories this time delay 

/^ I I 

translates into a phase-shift which semi classically is related to the time delay as 17 1 



To compute this phase shift we need first to get the energy of the incoming gluon. We do 
not know how to define the energy of the incoming gluon but, since the only scale of the 
problem is /i we can assume that £" ~ /i. This gives then a phase shift 6 ^ InE for this 
scattering. 

2. 2-paraUel lines 

Let us look now for an open string solution which at the boundary ends on two time-like 
parallel lines extended in the a;+ direction as (we assume 6i < ^2) 

x+ = T, a;_ = 0, Xi = bi, X2 = (3.63) 

x+ = T, a:_ = 0, Xi = b2, X2 = (3.64) 

The full ansatz for such a solution is 

x+ = T, a;_ = 0, Xi = a, z = z{a), X2 = (3.65) 

We want to have the condition at the boundary z{bi) = 2(^2) = 0. The Nambu-Goto 
Lagrangian is explicitly dependent on a 

S=^ I drda^^{a^ + z''){l + z'^) (3.66) 

/vr J z^ 

The equation of motion for z is 

^'z{z^ + a^) + (1 + z!'^){z^ + az:^ + 2a^) = (3.67) 
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To solve this differential equation let us first consider the change in function z = crf{(j), and 
then a change in variable u = Ina. Then the differential equation for / is 

(/' + /")/(/' + 1) + [1 + (/ + rnf + /(/ + /) + 2] = (3.68) 

where here derivatives are with respect to the variable u. With the above change of variables 
we restricted a to positive values, but to account also for possible solutions extended to 
negative a we consider gluing different branches of solutions. Note that since z > 0, the 
physical solutions are those with / > 0. To proceed we consider the differential equation for 
u{f) instead of f{u) as above 

^ = f^f2 + 1) If + 2(1 + 2/')^ + 6/(1 + f)u' + 2(1 + ffu'] (3.69) 

Setting y = ii, we integrate the equation for y{f) and obtain the solution 

f P 

y(f) = -— ^- ± , ■' (3.70) 

l + P (l + /2)v/l + 2/2 + c(l + /2)2 

where c is an integration constant. For c > the expression under the square root is always 



positive. For c < we need c > — 1, and / in the interval < / < y ~ ^^'^^^ ^'^ ^^ order for 
the square root to be real. 

The expression in (I3.70p can be further integrated and we obtain a solution for u = u(f) 
in terms of Elliptic integrals. The boundary condition for the last integration is u{0) = In 62 
with 62 > 0. After the integration the result can be expressed as a transcendental equation 
for z = z(a) as a = e^^^\ However, the other boundary condition that we want is that the 
other end of the string ends also on the boundary. Therefore we want to have z = /e"^-^-* — > 
for some /. It turns out that this is only possible when the constant of integration c = 
and only for the minus sign solution in (I3.70p . Below we see that we can have solutions 
for arbitrary c > 0, which are extended to the negative a region. For c < there are 
no solutions possible even if one tries to glue solutions because the two branches in (I3.70p 
behave differently. 

Let us analyze first the solution with c = 0. In this case in the limit / ^ 00, indeed we 
have 2; — >■ 0, and this happens for a = bi = 0. For c = the transcendental equation for 
/ = f{a) simplifies to 



62 /v/1 + 2/2-/ 
a 



^^^( '^tZ^ ^y~\V2f + ./TTv~r^^ (3.71) 
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FIG. 3: Plot of z versus a for 62 = 1- 



We plot numerically the solution z = z{a) in figure [31 This solution is independent of fi. 
The constant 62 can be expressed as 

fb2 



da = — dfa' 



(3.72) 



where cr' = ^ and one needs to use (13.711) and integrate this expression. The integral cannot 



be done exactly, but numerically one can shown that relation (13.721) is satisfied. Note that 
62 drops out from (I3.72p therefore &2 is not fixed. The value of / when z is maximum can 
be obtained from 



dz 
da 



l-f+./lT2f 



f 







/o 



1 + v^ 



(3.73) 



so that the position of the maximum in a is 



c^o 



b2\h-^[\/l + V5 + \j2 + VhY^^ ^ 0.4897 h 



(3.74) 



Notice that the position of the maximum z is not at half of the a interval. 

This solution ends on the boundary at a = on a light-like line and at cr = 62 on a 

time-like curve. Let us see how these lines look in the pure AdS^ metric. The line at a = 62 

maps into 

x+ = — tauyur, x^ = — fibl tan fir, xi = , 0:2 = (3.75) 

/i 2 cos flT 

while the line at a = maps into 



x+ = — tan^r, x_ = 0, Xi = 0, X2 = 



(3.76) 
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FIG. 4: Plot of i versus xi for 62 = V^ at the boundary z = 0. 



The last null line is rather simple. The former line may be expressed as 

1 



xi = hy^ + /^^a:+, x_ = --h\^^x+ (3.77) 

While in the pjo-wave AdS^, in the (xi, x+) plane the Wilson loop were straight parallel lines, 
in the pure 74^5*5 one remains straight line but the other is a hyperbola in the (xi, x+) plane. 
As these Wilson lines might correspond to physical particles moving on the boundary let 
us consider plotting i versus Xi. Let us choose b^ = 2 in fl3.75p . Then after a boost in the 
x+, X- directions one can get rid of the factors of fi in front, so the hyperbola line is 

V2 
x+ = tan /ir, x_ = — tan/ir, Xi = , 0:2 = (3.78) 

cos /XT 

Therefore one obtains 

t = y2tan/xr, x = 0, xi = \J 2{l + ^2) (3.79) 

while for the light-like line 

1 

t = X = —= tan fiT, Xi = (3.80) 



The hyperbola t = ±a/ -^ — 1 corresponding to the time- like line (13.790 is represented in 
figure m 

The conserved charges in the pp-wave AdS^ background can be expressed as 






(3.81) 



2n^J, z'^a^ + z' 2iTfx J^ ^a^/^V l + f 
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Near the boundary of AdS^ the integrals diverge, therefore we introduce a cutoff e in z. 
While we cannot perform the above integrals exactly we can extract the divergent parts. 
Cutoff in z translates into cutoffs in /. Recall that z = both for / = and for / -^ cxd, 
thus there is a e dependent large small cutoff in /, /^.m as well as a large one fmax- Using 
f l3.7ip and let us expand z = af in the limits 



af = f-^^Ml 



af = hf + 0{f) = t ^/„ 



2)2-^ + 0(-i)] = e ^U 






h2\^{l + V2)^ 



(3.83) 



(3.84) 



e/ 2^2 

To compute the charges (I3.81|3.82p we expand the integrands in the small and large / limits 

and extract only the values of the integral near fmin and fmax- More precisely (I3.8ip becomes 



P^ 



■ — + log— + e^ 



2n 



Jmin 



dfi-J,) + 



V2f' 



2n V e 



(3.85) 



For the other charge (I3.82p we obtain 



P_ 



27r/i 



dfi- 



Jmin 



.2f2 



bU 



+ 



/,„.. (2v/2-3)2v^ ^ ^_, 

O2 



27r// 



1 1 
2^2 + 6^7 



0(e° 
(3.86) 



Keeping the leading orders in e in these charges, we eliminate e and obtain the relationship 
between the divergent parts of the charges 



P ^ ^ Pi (3.87) 

Let us finish the discussion about the charges by pointing out that the action (I3.66P on the 
solution is real, and up to the length of the r interval it is the same as P+. 



Let us return to the differential equation (I3.70p and consider the situation c > 0. The 
two branches in eq. (l3.70p behave in the same way. They both satisfy a ^ as / ^ 00, but 
there is no point other then a = b for which z = 0. We take the negative branch, denoted 
2_, to depend on c and 62 > 0, while the positive one, z+ on c and bi > 0. For fixed bi and 
62 we want to find a solution for c = c(6i, 62) so that 



z+ — z^ 



dz. dz. 
0, ^ + 







f-*oo 



(3.88) 



/^oo da da 

For such solutions we use the positive branch for a < 0, and therefore this branch smoothly 
continues to the negative branch to negative values of a until it reaches the boundary at 
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a = —bi. Let us find the constant c satisfying (13.881) . The solutions of (13.701) for c > is 
(recall that a = e") 

u±if) = TGif, c) + In -^=L= (3.89) 

where 



G(/,c) = ' ^ :(F[2sinh-^[/./l 





I 


Vl + c 


- Vl + c 

+ Vl + c 



1 . 2 + c + 2Vr+c, 



ViT^^ 



.smh-lA/1-^l. ^ + ^+f'^^ l) (3.90) 
where F[x,m\ and n[n,a;,m] are the incomplete Elliptic functions defined as 

F[x,m\= / =, n[n,a;,mj= / (3.91) 

"'0 yl — msin 9 Jo (1 — nsin 9)^1 — 1718111 9 

The conditions (13.881) become 

^ln^ = G(/,c) (3.92) 



2 h 



•2 



f^oo 



l + c + ^/^T^^ 2{l + y^TT~c) 1 2ii + VTT~c) 



i-VTT 



c 



and 



2/+^T7V + 



1 



<(/) «'-(/) 



^^''%O(4)=0 (3.93) 



where K[a;] = F[|,x] and n[x,2/] = n[a;, \,y\ are Elliptic integrals. The condition (I3.93p 
is satisfied in the limit / ^ oo. The right hand side in ( 13. 92^ is negative and satisfies 
limc_^o ^(00, c) = —00, and limc^oo ^(00, c) = 0. The fact that ^(00,0) is negative is in 
accord with our initial assumption hi < 62- Also, the limit 61 ^ gives c — > in accord 
to the previous c = analysis. For a fixed ratio ^ < 1, equation (13.921) gives a solution for 
c = 0(61,62)- While it is not possible to invert (I3.92p to get c = 0(61,62) one can solve it 
numerically. For example for 62 = 1, 61 = 0.5 we obtain c ~ 4.77. Gluing together the two 
solutions as explained above we obtain the solution shown in figure [H On the boundary 
{z = 0) this solution ends on two time-like lines at xi = 62 and xi = —61. They can be 
mapped to pure AdS^ coordinates as in (I3.75P where the lines look like hyperbolas. 

Let us compute the charges (I3.81|3.82p in this case with c > 0. Again the integrals cannot 
be computed exactly but we can extract the divergent terms coming from the region near 
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FIG. 5: Plot of z versus o for 62 = 1, 61 = 0.5, c = 4.77. 



the boundary 2; = 0. We need to expand the two branches given in ( 13.891) near / = using 
the negative branch near cr = 62 and the positive branch near a = h\. This leads to two 
cutoffs in / near the boundary of AdS^ 



fa = hf + 0{f 



h 



h 



and 



The charge (13.811) can be written as 



^^ = /r 



(3.94) 



(3.95) 



P-. 



27r 



// 



df 



cr. 



h 



^+P 



^+^ 



(l+/^)(l + (/+^)^) 



cr. 



+ 



df- 



a_ 



0"_ 



'/2 ^-/ 

Expanding the integrands near / = we obtain 



{I + p){i + if + ^r) 



p^ 



v^ 



27r 



/^ 



df{~^)+jdf{-^] 



VX 61 + 62 



27r"^' e 



+ 0(e' 



(3.96) 



(3.97) 



The other conserved charge (13.821) can be computed in a similar way and we obtain 



P_ 



+ 0{e 



(3.98) 



27r/i 61626 

Let us observe that the divergent part of the charges do not depend explicitly on c. Elimi- 
nating e we obtain the following relationship between the divergent parts of the charges 



P 
P 



^ ^ -/i^6i62 



(3.99) 
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B. Straight lines along the time direction t 



1. 1-line 



Let us start with the metric fl3.5Up restoring the time coordinate in Poincare patch (t = xq) 

1 «^ 

ds'^ = —{-dt^ + dx^ - ^{xl + z^){dx + dtf + dxl + dz^) (3.100) 

We look for a solution which at the boundary ends on a time-like line along the t direction. 
A solution of this form is 



t = T, a; = 0, z = a, x, = 



(3.101) 



Here a > 0. In the pp-wave AdS^ space we compute the conserved charges and obtain 



E 



271 



- + ^\ogR + 0{R',e) 



(3.102) 



where we have introduced a cutoff e near the boundary and a cutoff R near the horizon. 
Here cutoffs in z are the same as cutoffs in a. The other conserved charge corresponding to 
the isometry along x is 



P 



27r 



^ log i? + 0(i?°) 



(3.103) 



Computing the action on this solution we obtain the same expression as the energy up 



to a factor of T, where we take — ? < t < |^ with T large 



S = ^T I da-xll + ^a^ "^ 



T 



^^+-^\ogR + 0{R\,) 



(3.104) 



27r * y, "" (j2 V ' ' 2 " 27r 

We observe that the only divergency in e is linear; like in the previous cases this divergency 
should be canceled by a boundary term. In the limit /i ^ the pp-wave space is the same 
as pure AdS^, and we see that in this limit (13.1041) reduces to the well known straight string 



solution 



18|. 



Let us now map this solution to pure AdS^. Under the map ( 13.51^ this solution is mapped 
into 

1 



X-L. ^ — tan — —. X- 
f^ V2 



—= a tan ■ 

V2 2 



a 



cos 



^lT 



Xi = 



(3.105) 



V2 ^^^vi 

On the boundary the straight line in pp-wave coordinates is mapped into a line with tangent 
shape in pure AdS^ as shown in Figure [61 The world-sheet surface is described by the 
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FIG. 6: Parametric plot of t versus x, for // = v2 at the boundary z = 0. 
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FIG. 7: Parametric plot of z versus x, for /u = 1, and i = —100, —50, —10, —3. 



equation 



x^ + ^-^)(1 + fJ-^xl) 



fl'^X 



^ 



(3.106) 



This looks similar to the surface in (13.551) as one can see in figure [7] for t < 0. The difference 
with the case in (13.551) is that now the point where the line ends at the boundary is shifted 
compared to the situation in (I3.55p . It is obtained from the solution of equation x_ + 
arc aa^lx+ _ ^ xhis shows that in the present case the end point on the boundary moves 
with a speed less than the speed of light. The position of the vertical line is obtained when 
x+ = 0, i.e. X = —t. On the worldsheet, the process can again be viewed as an elastic 
scattering process, while in the spacetime/gauge theory it can be viewed as the scattering 
between a gluon and a quark moving at a speed less than the speed of light. 

Following what was done for the line in the x+ direction in (13.571) . we would like to 
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compute the energy and momentum of string. However, in this case the computation cannot 
be done exactly because of the comphcated form of the solution fl3.106p . and the fact that 
the equation x_ + ^2;+ _ g Qa^j^ot be solved explicitly for xq = XQ{t). This solution 

gives the limit of integration in the computation of energy which for t > is —t < x < xq. 
As in the case of the line in the z+ direction, here we again expect that both energy and 
momentum of the string depend on time. The time delay for the rounded spike as it moves 
from one site (at t = —00 ) to the other (at t = 00) of the vertical line can be computed 
and we obtain At = 25^ = ^^. This is the same as what we had in the case of the solution 
in the x+ direction in section 3.1.1. Since /i is the only physical scale available we expect 
that asymptotically at |t| -^ 00, the string energy will be again proportional to fi. Upon 
eliminating /i we expect that in this case the resulting phase shift is again of the form 
6{E) -InE. 

It is also interesting to consider a solution obtained from a particle which, in the pp-wave, 
moves at constant velocity. It interpolates between the one at rest, considered here and the 
one moving at the speed of light considered in the previous subsection. The solution in flat 
AdS^ space can be obtained simply by using the symmetry: 

1 . . 1. . 1. 

X_|_ > X_|_, X— > — X_, Xi > ~zXii Z > —Z \0.i.\jl) 

which gives, from (13.1061) . the new solution: 



2 arctan /ia;+ 



[X- 



e )(1 + /i'£+) (3.108) 



interpolating between eg. (13. 1061) ioi ^ = 1 and eg. (13. 55 p for (^ = 0. The boundary Wilson 
loop is described by the eguation 

x_ = _^2 arctan ^x+ ^^^^^^ 

It represents a particle coming from infinity at the speed of light which slows down, attaining 
its minimum speed 



1 + d+x. 



1 — d+x^ 



i-e 

^ (3.110) 



x+=0 

a.t X = t = 0. We see that the particle is at rest at the origin when ^ = 1 and moves at the 
speed of light when ^ = 0. 
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2. 2-paraUel lines 

We extend the above construction and look for a solution which at the boundary z = 
consists of two time-like parallel lines along the t direction (let us assume b > 0) 

t = T, x = ±b, Xi = (3.111) 

The ansatz for such a solution is 

t = T, X = a, z = z{a), Xi = (3.112) 

The Nambu action becomes 



v^ /■ , , 1 



2 



S=^ I dTda-\jl + (1 + ^z2)2'2 (3.113) 

We want the solution for z to obey the boundary condition 2;(±&) = 0. Since the action 
does not depend explicitly on a the conserved charge is 

^ ^ d^ (3.114) 



z 



1 + (1 + f ^2)^/2 



where (i is a constant. The differential equation obeyed by z is 



1 \\-d'^z'^ 
^' = ±^\/^4^ ^3.115) 

^ « Y 1 + \z^ 

The worldsheet surface reaches a maximum value in the radial direction of AdS^^ i.e. < 
-2 ^ ^; where we assume rf > 0. The distance between the Wilson lines at the boundary can 
be expressed as 

2b= da = 2d^ dzz^\- ^ (3.116) 

J -b Jo \^ 1 — d z 

Let us note that in the limit n ^ the equation of motion reduces, as it should, to the 

n 

equation corresponding to the usual two parallel lines [18|] solution 

z' = ±^-Vl - rf%4 (3.117) 

It is possible to express the integrals of the equation of motion (13.1151) and condition 
(13.1161) in general for arbitrary values of /i, d, in terms of the elliptic integrals but the 
expressions are not very useful, so we do not write them down. Only two of the parameters 
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FIG. 8: Parametric plot of i versus x, for ^u = v2 and 6 = 1 at the boundary z = Q. The 
upper curve is the image in the tilde coordinates of the x = —b straight line, and the lower curve 
corresponds to the x = b straight line. 



b, /i, d are independent because of the condition (13.1161) . Let us see the form of the solution 
after considering the transformation (13.511) that brings the metric back into pure AdS^. The 
exphcit solution is complicated in the general case, but we can look at how the Wilson lines 
at the boundary {z = 0) transform 



x+ = — tan —= (±b + r) 
H V2 



x_ = x_ = —={±b — r), Xi = 



(3.118) 



In the pure AdS^ coordinates, t, x become 

i 



-l-tan^(±.H-.)-i(a-.) 



*"^"'"^'*'''^^'^^'*''"^^ '^■^^''* 



While in the pp-wave AdS^ space, in the plane t, x we had two straight lines in the t direction, 
in the pure AdS^ in the plane t, x we have more complicated curves. The curves at x = ±b 
are plotted in the new coordinates in figure [HI As expected, of course, the curves in the pure 
AdS^ coordinates are again time-like. 

Let us compute the conserved charges associated to translations in t and x in the pp-wave 
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AdS^ background. The energy of the string is 



E = ^da—— = —2 dz-\-^— (3.120) 



VX f dL _ TA^ f-^ 1 1 1 + ^z^ 

27r J d{drt) ~ 271 J, z^\l l-d^z'^ 

where we introduced a cutoff at small z. Let us recall that in fact /i can be set to 1 by 
rescaling of x+ and x_. For simplicity let us set /i = 1. The integral in (13.1201) can be done 
and, expanding the result in small e we obtain 



v^l VX 1 



E=- + 



1 + 2d-)K[^^] - ^d-E[^^] I + 0(e) (3.121) 



vr e 2^/2'Kd 
where E[x\, K[x\ are elliptic integrals. The other conserved charge is 

P=^—da——- = ^——2 dzj ^- 3.122 

27r J did^x) 27r 2 J, \j l + l^z^ ^ > 

This integral can be expressed in terms of Elliptic integrals but the exact expression is not 
very illuminating. Let us mention that the integral is convergent so here we do not need a 
cutoff in z. The charge P should be dependent on the length of the string in the x direction, 
thus providing a relation between the parameters /i, rf, h. Of course, we already exploited 
such a relation in (13.1 16p . 

We observe that for a particular value of c?, i.e. d = -j= (or d = -j= for arbitrary y) 
the integration in (I3.115P is simpler and the solution, in this case, can be written as a 
transcendental equation for z 



- ^yl- — + arcsin^ + ci = iv^arf (3.123) 

V 2 V 2 -\/2 

Constant Ci can be obtained from the boundary conditions that z{+.h) = 0. This gives 
Ci = —y2b. The negative branch is to be used for positive values of a. The condition 
(13.1161) can also be easily integrated and it gives an expression for b as b = ^^ (or b = ^^^ 
for arbitrary //). For this particular case the conserved charges reduce to 

£ = ^^IH15!.^l + ow, p^^xi (3.124) 

TT e TT e 4 

The computation of the action on this solution gives 



(3.125) 
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where we have chosen the r interval — |- < t < |^, with T large. Also, we introduced a small 
cutoff in z to account for the expected divergency near the boundary of AdS^. Let us recall 
that because of the condition fl3.116p only two parameters are independent, so the action 
can be expressed in general as S" = S{h, //). For simplicity let us choose again /i = 1. Doing 
the integral and expanding in small e we obtain the action 



V\T v^ T 



S=- + 



;i + 2d')K[^-^] - ^d^E[^^] I + 0{e) (3.126) 



IT e 2y^TT d 
The function of d at order 0(e°) is decreasing. It is interesting to note that for the particular 



value d = -y= the 0{e^) term vanishes. As in 13| one needs to regularize the area by adding 
a boundary term that cancels the linear divergent term -. 

So far we discussed the solution in Minkowski space. It turns out that this solution can 
also be found in the Euclidean space-time and worldsheet. The same was found in [l9| in 
the case of other simple solutions that are nontrivial only in the AdSr, part of AdS:^ x S^. 
One can go from Minkowski to Euclidean by taking t ^ it, t ^ ir. The solution ( J3.112P 
is also solution in Euclidean space. The equation of motion is again fl3.115p . In Euclidean 
space it makes sense to relate the action of a string solution that ends on the boundary on 
a Wilson loop to the expectation value of the Wilson loop. 

IV. CONCLUSIONS 

In this paper we have analyzed new methods to find solutions describing open strings 
moving in AdS^ and ending in the boundary. According to the AdS/CFT correspondence 
they are dual to Wilson loops in A/" = 4 SYM theory. The first solutions were found by 
using an ansatz leading to linear (and unconstrained) equations of motion. They describe \ 
BPS Euclidean Wilson loops with the shape x+ = x+{xi), x_ = 2:2 = in usual Minkowski 
light-cone coordinates x±, xi,2- Using an inversion we mapped them to closed Wilson loops 
whose expectation value is (W) = e^^^. Other, different, solutions were found by considering 
Wilson loops for A/" = 4 SYM living in a four dimensional pp-wave. By doing a conformal 
transformation we can obtain Wilson loops in usual flat space. In this way new interesting 
solutions were found. They seem to describe gluons interacting with quarks, the gluons being 
described by spikes coming out from the horizon. We expect these solutions to give a basis 
for further generalizations and a deeper understanding of Wilson loops in super conformal 
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theories. 
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